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1. Introduction
Let M be a 4-dimensional oriented smooth manifold and M =M(M) be the space of all Riemannian metrics on M .
We denote the squared L2-norm functionals of the curvature tensor, the Ricci tensor and the scalar curvature by A, B and
C , respectively. It is well known that the Euler number χ(M) of a 4-dimensional compact, oriented Riemannian manifold
M = (M, g) is given by the following generalized Gauss–Bonnet formula:
32π2χ(M) =A(g) − 4B(g) + C(g). (1.1)
Berger [1, Sections 5, 6] calculated the ﬁrst derivatives of the functionals A, B and C at t = 0 along any curve g(t) ∈M
for suﬃciently small |t| through g(0) = g and derived a curvature identity on a 4-dimensional compact oriented Riemannian
manifold from the generalized Gauss–Bonnet formula. Then, Kuz’mina [6] and Labbi [8] extended Berger’s result to higher
dimensional cases. In [4], the present authors gave a direct proof of Labbi’s result in the 4-dimensional case. Namely, we
proved that the following curvature identity (1.2) holds on any 4-dimensional Riemannian manifold M = (M, g):
Rˇ − 2ρˇ − Lρ + τρ − 1
4
(|R|2 − 4|ρ|2 + τ 2)g = 0. (1.2)
Here,
Rˇ : Rˇ i j = Rabci Rabc j, ρˇ : ρˇi j = ρaiρa j, L : (Lρ)i j = 2Riabjρab,
where R , ρ and τ are the curvature tensor, the Ricci tensor and the scalar curvature of M , respectively. We note that the
curvature tensor of Berger is different from ours by a sign.
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Rijkl = g
(
R(ei, e j)ek, el
)
, ρi j = ρ(ei, e j), and so on, 1 i, j,k, l 4.
In this paper, we shall adopt the notational conventions with respect to a natural basis and an orthonormal basis alterna-
tively for the components of tensors.
Muto [10] studied the critical metrics of the functional A for a compact, oriented smooth manifold of arbitrary dimen-
sion. In general, although critical Riemannian metrics were ﬁrst deﬁned on a compact manifold, it is easy to generalize the
deﬁnition when M is not compact by considering variations of Riemannian metrics with compact support. The resulting
equations are the same as the foregoing ones. Now, let M be a 4-dimensional smooth manifold which is not necessarily
compact. A critical metric of the functional A is said to be A-critical. Similarly, critical metrics of the functionals B and C
are said to be B-critical and C-critical, respectively. We note that Einstein metrics and zero-scalar-curved half-conformally
ﬂat metrics are A-critical [9], and the other A-critical metrics have been unknown. Kang [7, Theorem 2] gave a complete
classiﬁcation of complete, locally homogeneous A-critical metrics with ﬁnite volume on 4-dimensional oriented manifolds
and the resulting metrics are all weakly Einstein ones (see Examples 2.1, 2.2 and Remark 2.2).
In the present paper, we shall discuss the critical metrics of the functionals A, B and C and give some results related to
the above theorem by Kang.
2. Results and examples
Let M be a 4-dimensional smooth manifold which is not necessarily compact and M =M(M) be the space of all
Riemannian metrics on M . Then, from Berger’s results [1, Section 6] and taking account of the arguments in [7, pp. 111,
112], we see that a metric g ∈M is A-critical if and only if g satisﬁes A(g) < +∞ and the following equation
Rabci R
abc
j + 2∇a∇aρi j − ∇ j∇iτ − 2ρiaρ ja + 2ρab Riabj − 14 |R|
2gij = 0. (2.1)
Similarly, from the results [1, Section 5], we see that a metric g ∈M is called B-critical if and only if g satisﬁes B(g) < +∞
and the following equation
2ρab Riabj + 12 (τ)gij + ∇
a∇aρi j − ∇ j∇iτ − 12 |ρ|
2gij = 0. (2.2)
Further, g ∈M is C-critical if and only if g satisﬁes C(g) < +∞ and the following equation
τρi j − ∇ j∇iτ + (τ)gij − 14τ
2gij = 0. (2.3)
From (2.1), (2.2) and (2.3), we see that if g ∈M is A-critical, B-critical or C-critical then τ = 0. Especially, if M is
compact oriented and g is a critical metric of one of the functionals A, B or C , we can easily see that the scalar curvature
τ is constant since τ is a harmonic function on M .
Thus, from (2.3), we immediately have the following:
Theorem 2.1. (See [3, p. 133].) Let M = (M, g) be a 4-dimensional compact oriented Riemannian manifold. If g ∈M is C-critical, then
the scalar curvature τ vanishes everywhere on M or M is Einstein.
Now, taking account of the fact [2, p. 74], we have the following:
Lemma 2.2. If g ∈M satisﬁes A(g) < +∞ (B(g) < +∞, respectively), then B(g) < +∞ and C(g) < +∞ (C(g) < +∞, respec-
tively).
Since the Euler number χ(M) is the topological invariant for the case where M is compact and oriented, from (1.1), we
see immediately that if g is both B-critical and C-critical then g is also A-critical. This is also valid for the case where M
is not compact. Namely, from (2.1), (2.2) and (2.3) and taking account of (1.2) and Lemma 2.2, we have the following:
Theorem 2.3.
(1) If g ∈M withA(g) < +∞ is B-critical and C-critical, then g isA-critical.
(2) If g ∈M isA-critical and B-critical, then g is C-critical.
(3) If g ∈M isA-critical and C-critical, then g is B-critical.
Now, we denote the traceless Ricci tensor of M by G , namely,
G = ρ − τ g. (2.4)
4
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ρab Riabjρ
i j − 1
2
τ |ρ|2 + τ
3
16
=
(
ρab − τ
4
gab
)
Riabj
(
ρ i j − τ
4
gij
)
= GabRiabjGij. (2.5)
Then, we have the following:
Lemma 2.4. Let M = (M, g) be a 4-dimensional Riemannian manifold with parallel Ricci tensor. If GabRiabjGij = 0 everywhere on M,
then M is Einstein or locally a product of 2-dimensional Riemannian manifolds of constant Gaussian curvatures c and −c (c = 0).
Proof. From the hypothesis ∇ρ = 0, we see that M is locally Einstein or locally one of the following spaces:
(1) M3(c) × R,
(2) M2(c1) × M2(c2) (c1 = c2),
where M3(c) denoted the 3-dimensional Riemannian manifold of constant sectional curvature c, and M2(c1) and M2(c2)
the 2-dimensional Riemannian manifolds with constant Gaussian curvatures c1 and c2, respectively.
First, we assume that M is locally of the form (1). Then, we may choose an orthonormal Ricci eigenbasis {ei} (1 i  4)
of T pM at each point p ∈ M in such a way that
Riji j = −c (1 i < j  3) (2.6)
and otherwise being zero up to sign. From (2.4) and (2.6), we see that
Gii = c2 (1 i  3), (2.7)
and otherwise being zero. Then, from (2.6) and (2.7), we have
0 =
∑
Gij Rai jbGab = 32c
3 (= 0).
But, this is a contradiction.
Next, we assume that M is locally of the form (2). Then, we may choose an orthonormal Ricci eigenbasis {ei} (1 i  4)
of T pM at each point p ∈ M in such a way that
R1212 = −c1 and R3434 = −c2 (2.8)
and otherwise being zero up to sign. Then from (2.8), we have
G11 = G22 = c1 − c2
2
, G33 = G44 = −c1 − c2
2
(2.9)
and otherwise being zero. Thus, from (2.9) and the hypothesis, we have
0 =
∑
GabRiabjGij = (c1 − c2)
2
2
c1 + (c1 − c2)
2
2
c2 = 1
2
(c1 − c2)2(c1 + c2),
and hence,
c1 + c2 = 0.
This completes the proof of Lemma 2.4. 
Now, let g ∈M be B-critical on a 4-dimensional smooth manifold M . Transvecting ρ i j with (2.2), we have
2ρabRiabjρ
i j + 1
2
ττ + ρ i j∇a∇aρi j − ρ i j∇ j∇iτ − 12τ |ρ|
2 = 0. (2.10)
Here,
ρ i j∇a∇aρi j = 12|ρ|
2 − |∇ρ|2,
ρ i j∇ j∇iτ = ∇ j
(
ρ i j∇iτ
)− 1
2
|∇τ |2. (2.11)
Taking into account (2.5) and (2.11), we can rewrite (2.10) as follows:
2GabRiabjG
ij + τ
2
|G|2 − |∇ρ|2 + 1
2
|ρ|2 + 1
4
τ 2 − ∇ j
(
ρ i j∇iτ
)= 0. (2.12)
Thus, from (2.12) and taking account of Lemma 2.4, we also have the following theorem.
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constant and the square norm of the Ricci tensor ρ of g is constant and the inequality GabRiabjGij  0 holds on M, then (M, g) is
Einstein or locally a product of 2-dimensional Riemannian manifolds of constant Gaussian curvatures c and −c (c = 0).
Theorem 2.6. Let g be a B-critical metric on a 4-dimensional compact oriented manifold M. If the scalar curvature τ of g is non-
positive and the inequality GabRiabjGij  0 holds on M, then (M, g) is Einstein or locally a product of 2-dimensional Riemannian
manifolds of constant Gaussian curvatures c and −c (c = 0).
Next, let g ∈M be A-critical on a 4-dimensional smooth manifold M . From (2.1) and taking into account (1.2), we get
2∇ j∇iτ − 4∇a∇aρi j − 8ρabRiabj + 2τρi j + 2|ρ|2gij − τ
2
2
gij = 0. (2.13)
Transvecting ρ i j with (2.13), we have
2ρ i j∇ j∇iτ − 4ρ i j∇a∇aρi j − 8ρabRiabjρ i j + 4τ |ρ|2 − τ
3
2
= 0. (2.14)
By taking into account (2.5) and (2.11), (2.14) can be rewritten as follows:
2ρ i j∇ j∇iτ − 2|ρ|2 + 4|∇ρ|2 − 8GabRiabjGij = 0. (2.15)
Thus, from (2.15) and taking into account Lemma 2.4, we have the following theorem.
Theorem 2.7. Let g be anA-critical metric on a 4-dimensional smooth manifold M. If the scalar curvature τ of g and the square norm
of the Ricci tensor ρ of g are constant and the inequality GabRiabjGij  0 holds on M, then (M, g) is Einstein or locally a product of
2-dimensional Riemannian manifolds of constant Gaussian curvatures c and −c (c = 0).
Theorem 2.8. Let g be anA-critical metric on a 4-dimensional compact oriented manifold M. If the inequality GabRiabjGij  0 holds
on M, then (M, g) is Einstein or locally a product of 2-dimensional Riemannian manifolds of constant Gaussian curvatures c and −c
(c = 0).
Remark 2.1. Ogiue and Tachibana [11] proved that if the inequality uabRiabjui j < 0 (at any point where u = 0) holds for any
traceless symmetric (0,2)-tensor ﬁeld u = (uij) on an n-dimensional compact oriented Riemannian manifold (M, g) then M
is a real homology n-sphere.
Theorem 2.7 is related to the following result.
Theorem 2.9. (See [7, Theorem 2].) A complete locally homogeneousA-critical metric with ﬁnite volume on a four-manifold is locally
isometric to either an Einstein symmetric space or the product of the standard two-sphere with constant curvature c and the two-
dimensional hyperbolic plane with curvature −c.
Now, we here recall the deﬁnition of a weakly Einstein manifold [4,5]. A 4-dimensional Riemannian manifold M = (M, g)
is said to be weakly Einstein if M satisﬁes the following condition
Rˇ = 1
4
|R|2g. (2.16)
Taking into account (1.2), we may easily check that a 4-dimensional Einstein manifold is necessarily weakly Einstein. The
following example illustrates that there is a 4-dimensional Riemannian manifold which is weakly Einstein but not Einstein.
Example 2.1. (See [4].) Let M be a Riemannian product manifold of 2-dimensional Riemannian manifolds M1(c) and M2(−c)
of constant Gaussian curvatures c and −c (c = 0), respectively. Then we can easily check that M is not Einstein. We also
can easily check that M satisﬁes (2.16), thus M is weakly Einstein.
It is easily checked that the weakly Einstein manifold in Example 2.1 is zero-scalar-curved conformally ﬂat. In general,
we can also see that a 4-dimensional zero-scalar-curved conformally ﬂat manifold is weakly Einstein. The following example
is a special case of Example 2.1 whose metric is A-critical.
Example 2.2. Let S2 and H2 be a unit 2-sphere and an upper hyperbolic 2-plane with constant Gaussian curvatures 1
and −1, respectively. It is well known that the group SL(2,R) acts on H2 transitively as the automorphism group of the
canonical Kähler structure H2. Let M = (M, g) be the Riemannian product of S2 and Γ \H2, where Γ is the Fuchsian group
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a non-compact Riemann surface which is contractible, and further, Vol(Γ \H2) = π3 [12]. Therefore, we can see that M is
non-compact and Vol(M, g) = 43π2, χ(M) = 2, and hence A(g) = 163 π2χ(M). On the other hand, let Γ ′\H2 be a compact
Riemann surface with genus m ( 2), where Γ ′ is a discrete subgroup of SL(2,R). Let (M ′, g′) be the Riemannian product
of S2 and Γ ′\H2. Then, we see that A(g′) = −32π2χ(M ′) holds for all m ( 2) (see [5, Example 4.3]).
Remark 2.2. From (2.1), it follows immediately that any Einstein metric on a 4-dimensional manifold with A(g) < +∞ is
A-critical. Further, the metric in Example 2.2 is A-critical and weakly Einstein at the same time. Thus, from these examples
and the arguments in this paper, it is worthwhile to study the relationship between A-critical metrics and weakly Einstein
ones.
For example, we have the following:
Theorem 2.10. Let g be an A-critical metric on a 4-dimensional compact oriented smooth manifold M and further, let (M, g) be
weakly Einstein. Then, the Ricci tensor ρ is a Codazzi tensor.
Proof. Since g is an A-critical metric on a 4-dimensional compact oriented smooth manifold M and (M, g) is weakly
Einstein, from the result [3, Proposition 4.70], we have the equality
∇ i∇iρ jk − ∇ i∇ jρik = 0. (2.17)
Thus, from (2.17), taking account of the Green’s theorem, we have∫
M
(∇iρ jk − ∇ jρik)
(∇ iρ jk − ∇ jρ ik)dvg
= −
∫
M
(∇ i∇iρ jk − ∇ i∇ jρik)ρ jk dv g +
∫
M
(∇ j∇iρ jk − ∇ j∇ jρik)ρ ik dv g = 0, (2.18)
and hence,
∇iρ jk − ∇ jρik = 0,
namely ρ is a Codazzi tensor. This completes the proof of Theorem 2.10. 
Remark. The authors thank to the referee for drawing their attention to Proposition 4.70 of the book [3].
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